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Abstract—Impedance-type kinesthetic haptic displays aim to render arbitrary desired dynamics to a human operator using force

feedback. To render realistic virtual environments, the difference between desired and rendered dynamics must be small. In this paper,

we analyze the closed-loop dynamics of haptic displays for three common virtual environments: a spring, a damper, and a spring-

damper, including the effects of time delay and low-pass filtering. Using a linear model, we identify important parameters for the

rendered dynamics in terms of effective impedances, a conceptual tool that decomposes the displays closed-loop impedance into

components with physical analogs. Our results establish bandwidth limits for rendering effective stiffness and damping. The effective

stiffness bandwidth is limited by the virtual stiffness and device mass, and the effective damping bandwidth is limited by the cut-off

frequency of the low-pass filter which filters the device velocity estimate. We show that a general system impedance can be

characterized by a mass, damper, and spring optimally by the solution to a convex optimization problem, and we present a quantitative

metric, the Average Distortion Error (ADE), to describe the fidelity of this model. Time delay has no significant effect on characterized

stiffness, and reduces characterized damping by the product of virtual stiffness and total time delay. Reducing the low-pass filter cut-off

frequency reduces the characterized damping. Experimental data gathered with a Phantom Premium 1.5 validates the theoretical

analysis. We also conducted human user experiments to investigate the effects of time delay and low-pass filtering on perceived

stiffness and damping. Similar to the characterized dynamics results, we observed no significant effect of time delay on perceived

stiffness, and increasing time delay resulted in reduced perceived damping. Lower filter cut-off frequencies resulted in lower perceived

damping. This work informs haptic display design by presenting how closed-loop behavior changes with key parameters.

Index Terms—Haptics, kinesthetic devices, transparency haptics system design and analysis

Ç

1 INTRODUCTION

IMPEDANCE-TYPE kinesthetic haptic displays are composed
of (1) a device equipped with sensors and actuators that

provides force feedback to the user and (2) a rendering
algorithm that computes force feedback as a function of
device motion (Fig. 1).

Given a map from sensed position to actuator force (i.e.,
a virtual environment), the dynamics of the display are
given by its closed-loop impedance, which describes the
frequency-dependent relationship between input velocity
(or position) and output force. The objective of accurate
haptic rendering is to manipulate the rendered impedance
of these displays to match a desired impedance through
mechanical and feedback control design. Accurate haptic
displays should feel exactly as desired, with no unwanted
effects from a multitude of sources such as device dynamics
(i.e., inherent inertia and friction), analog to digital (A/D)
and digital to analog (D/A) conversions, aggressive low-
pass filtering to mitigate noise, and amplifier or transport
time delay. In addition to featuring the desired input-output

characteristics, high-performance haptic displays must be
stable and insensitive to noise. Past research has established
rigorous conditions concerning stability and noise charac-
terization. However, current results for haptic display accu-
racy are not complete. Describing the effect of system
parameters (e.g., device damping and mass, and time delay)
on the closed-loop properties would be a valuable tool in
haptic display design. The analysis in this paper is about
closed-loop display of stiffness and damping, two building
blocks for rendering common desired dynamics.

1.1 Prior Work

This work builds on previous research on the accuracy
of kinesthetic haptic displays and teleoperated systems.
Analyzing the performance of a haptic display based on
its input-output properties is similar to analyzing the
“transparency” of a teleoperated system. For such systems,
greater transparency translates to closer force and position
signal matching between master and slave devices [19].
Christiansson and van der Helm analyzed the stability/
transparency trade-off for bilateral teleoperation where the
slave device had a built-in passive intrinsic stiffness [4].
Hirche et al. investigated how network-induced time delay
affects the transparency of a teleoperator in terms of its
mass, damping, and stiffness [16]. Although transparency is
defined for teleoperator systems, not haptic displays, one
can consider an analogy where the environment dynamics
of a teleoperator are the desired dynamics of a haptic dis-
play, i.e., a perfectly transparent teleoperator would feature
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force feedback as if the user was interacting with the envi-
ronment directly, and a perfectly accurate haptic display
would feel exactly as desired.

Lawrence et al. experimentally explored accuracy in hap-
tic displays by investigating the ability of humans to detect
differences in impedances [20]. McJunkin et al. performed a
similar experiment with a different scope by comparing the
transparency bandwidth of a haptic display with both active
(human input) and passive (motor driven) interaction tests
[23]. In both of the studies, the experimental closed-loop
behavior of the displays was analyzed. However, no theo-
retical models of how closed-loop behavior changes with
system parameters were established.

Griffiths et al. defined a notion of accuracy for haptic dis-
plays called “distortion,” which is similar to transparency
[14]. Distortion is the frequency-dependent difference
between actual and desired closed-loop dynamics, normal-
ized by the desired dynamics. The concept is useful for elu-
cidating abstract trade-offs in haptic design. However,
because distortion does not analyze the closed-loop imped-
ance directly, using it to identify the effect of system para-
meters can be difficult. No previous work has directly
analyzed how distortion depends on time delay or low-pass
filtering; both could affect the impedance of the display.

Colgate and Brown established conditions for robust sta-
bility of a haptic display coupled to a human operator in
terms of haptic display passivity [5]. They defined Z-width:

the range of virtual environment control law parameters
that can be commanded resulting in a passive display.
Because the commanded dynamics are generally different
than the rendered dynamics, Z-width does not speak to
haptic accuracy. In our analysis, we examine the accuracy
of the rendered dynamics of the haptic display.

Extensive work has been performed on the effect of time
delay on perceived stiffness using psychophysical experi-
ments. Ishihara and Negishi, Knorlein et al., and Di Luca
et al. reported that perceived stiffness decreased with time
delay [17], [18], [22], and Pressman et al. reported that per-
ceived stiffness increased with time delay [27]. Nisky et al.
found that perceived stiffness depends on the nature of the
haptic interaction [26]. These prior works examined how
the perceived stiffness changed with time delay, and did not
directly analyze how the actual mechanical properties of
the haptic display change with time delay.

This paper expands upon our preliminary results [7];
here we present the rendered dynamics results from a new
perspective, analyze the characterized dynamics, conduct
experiments to validate the analysis, and perform human
user experiments.

1.2 Contributions

In this paper, we address haptic accuracy by analyzing the
closed-loop dynamics of haptic displays for three common
virtual environments (VEs): a spring, a viscous damper, and
a spring-damper. We include the effects of time delay and
low-pass filtering. These environments are ubiquitous in
practice for rendering “hard” surfaces, and are the building
blocks for more complex virtual environments. For analyz-
ing the closed-loop dynamics of a haptic display we con-
sider different, but related, system descriptions.

Rendered Dynamics. The rendered dynamics describe the
input-output properties of the closed-loop display using its
mechanical impedance, ZðsÞ ¼ F ðsÞ=V ðsÞ, where V ðsÞ is the
input velocity, andF ðsÞ is the output force. A general (linear)
system is fully described only by its rendered dynamics.

Characterized Dynamics. The characterized dynamics des-
cribe the system in terms of a finite number of simple
parameters, e.g., mass, damping, and stiffness. The charac-
terized dynamics cannot perfectly describe every haptic dis-
play, but provide a more simple description.

Perceived Dynamics. The perceived dynamics describe the
haptic display using specific human user psychophysical
experiments. Humans perceive the qualities of a haptic dis-
play not only as a function of the actual mechanical dynam-
ics, and are influenced by visual information, the nature of
physical exploration, semantics used in particular testing
experiments, and other factors.

For the rendered dynamics, we analyze haptic accuracy by
examining the closed-loop impedance of the haptic display
including device dynamics, low-pass filtering, and time
delay. We present the haptic display closed-loop impedance
symbolically, and show it graphically using Bode and
“effective impedances” plots. Mehling et al. first described
effective damping and mass for a specific experimental
impedance [24]. In our analysis, we expand the set of effec-
tive impedances to an infinite set of mechanical primitives
(e.g., effective stiffness or effective jerk feedback), and

Fig. 1. (a) Schematic of a human interacting with an impedance-type
(input position, output force) haptic device implementing a virtual
environment. (b) Block diagram for this system. (c) The different types of
virtual environments.
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conduct a theoretical analysis examining the effective impe-
dances of general haptic display, instead of a specific exp-
erimental one. Effective impedances present the same
information as other frequency response tools, such as Bode
or Nyquist plots, but express the system response through
physical analogs. Our results, given in terms of effective
impedances, demonstrate that spring and spring-damper
haptic displays render a nonzero effective stiffness for fre-
quencies only up to v�

s ¼
ffiffiffiffiffiffiffiffiffiffiffi
K=m

p
, where K represents the

virtual stiffness, andm the device mass. Damper and spring-
damper displays render the desired effective damping for
frequencies up to the cut-off frequency of the low-pass filter
v0. Time delay reduces the effective damping of spring
and spring-damper displays, reduces the effective mass for
pure damper displays, and can introduce energy generating
“effective jerk feedback,” which can be interpreted of as neg-
ative damping. Concrete takeaways for the design of haptic
displays are presented in Section 7. We validate the theoreti-
cal results by constructing experimental frequency responses
using a PhantomPremium 1.5 haptic device in Section 6.1.

For the characterized dynamics, we show that an “optimal”
mass, damper, and spring model of general system imped-
ance can be formed by the solution to a convex optimization
problem. The fidelity of this model is provided by a quantita-
tive metric, the Average Distortion Error (ADE). We analyze
the classic spring-damper closed-loop rendering and show
that time delay has no significant effect on characterized stiff-
ness, but reduces characterized damping by the product
of virtual stiffness and total time delay. We also show that
for lower low-pass filter cut-off frequencies, corresponding
to more aggressive filtering, the lower the characterized
damping. We validate the theoretical predictions for the
characterized dynamics by conducting time-based system
identifications on experimental data in Section 6.2.

For the perceived dynamics, we perform human user
experiments that reveal how low-pass cut-off frequency
and time delay affect perceived stiffness and damping. The
perceived results are similar to the characterized dynamics
results: we observed no significant effect of time delay on
perceived stiffness, and increasing time delay resulted in
reduced perceived damping. Lower cut-off frequencies
resulted in lower perceived damping.

This work informs the design of haptic displays by
modeling how the closed-loop system is affected by haptic
device dynamics, time delay, and low-pass filtering. By
understanding the actual mechanical dynamics of the dis-
play, and demonstrating the influence of those dynamics on
human perception, we form a foundation for future work to
rigorously analyze human perception of haptic qualities.

2 SYSTEM MODELS

Here we introduce system models for a human interacting
with a 1-degree-of-freedom (1-dof) impedance-type haptic
device rendering virtual environments. The system models
are used to generate theoretical closed-loop impedances for
haptic displays. The system models are similar to prior
work analyzing the stability and accuracy of haptic displays
[1], [8], [12], [14].

Fig. 1 gives a schematic and block diagram for the system
model. The haptic device is modeled as a mass m with

viscous damping b. We analyze three virtual environments,
that map sensed position to actuator forces: a spring, a
damper, and a spring-damper consisting of a spring and
damper in parallel. These virtual environments were chosen
for their ubiquity in rendering “hard” dynamics in practice
(e.g., a virtual wall), as well as for their simplicity. The
damper feedback requires a differentiation of sensed posi-
tion. Because differentiation amplifies high-frequency noise,
the velocity estimate is low-pass filteredwith a unity gain fil-
ter at zero frequency and a cut-off frequency of v0 (rad/s).
Linear, continuous models are used for the straightforward
application of frequency response tools. To account for the
fact that control is performed through a computer containing
A/D and D/A components, a time delay of half the sample
time is included in the feedback loop. In addition to this
inherent system delay, there is also an external time delay td
resulting from potential amplifier or transport delay.

For systems that are not well described by our model,
e.g., haptic displays with large device friction or slow sam-
pling rates, the parameters may affect accuracy differently.

3 EFFECTIVE IMPEDANCES

In this section we present a decomposition of a system
impedance into “effective impedances.” Effective impedan-
ces aim to aid the interpretation of a haptic display imped-
ance as “mechanical primitives” such as mass, damping,
and stiffness.

For a transfer function representing the impedance of
a system, ZðsÞ ¼ F ðsÞ=V ðsÞ, the effective impedances are
defined as

..

.

Eff: Integral FB ¼ EIF ðvÞ ¼ v2Re�fZðjvÞg � 270� � u � �90�;
Eff: Stiffness ¼ ESðvÞ ¼ vIm�fZðjvÞg � 180� � u � 0�;
Eff: Damping ¼ EDðvÞ ¼ ReþfZðjvÞg � 90� � u � 90�;

Eff: Mass ¼ EMðvÞ ¼ v�1ImþfZðjvÞg 0� � u � 180�;

Eff: JerkFB ¼ EJF ðvÞ ¼ v�2Re�fZðjvÞg 90� � u � 270�;

..

.

where FB is an abbreviation for feedback and u ¼ ffZðjvÞ.
The dots show that effective impedances are defined for
any ffZðjvÞ.

Effective impedances decompose the system impedance
into components that coincide with physical analogs. For
example, effective stiffness is the component of the force in
phase with position. Some effective impedances, e.g., jerk
and higher derivatives of position feedback, do not have
simple mechanical analogs. Fig. 2 shows a chart of the phase
of ZðjvÞ and its effective impedances for real and imaginary
components.

When the system impedance is displayed using a
Nyquist plot, the effective impedances are the projections
onto the real or imaginary axes, normalized by the appro-
priate power of frequency. E.g., effective damping is the
projection onto the real axis (for �90� � ffZðjvÞ � 90�).

4 CLOSED-LOOP SYSTEM ANALYSIS

In this section we analyze the closed-loop dynamics of hap-
tic displays with and without time delay for spring, viscous
damper, and spring-damper virtual environments. For a
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given virtual environment, VE, the display’s closed-loop
impedance is

FhðsÞ
V ðsÞ ¼ ZðsÞ ¼ 1þGd½VEe�jvðT=2þtdÞ�

Gds
; (1)

where Gd represents the position to force transfer function
of the haptic device,

Gd ¼ 1

ms2 þ bs
; (2)

T is the sample period, and td is the external delay. The
mass and damping of the haptic device used to generate
Figs. 3, 4, 5 are m ¼ 100 (g), and b ¼ 0:1 (Ns/m).These val-
ues were chosen to be representative of existing impedance-
type haptic devices [8]. Our analysis will identify symbolic
expressions for (1) the effective stiffness bandwidth,ffiffiffiffiffiffiffiffiffiffiffi

K=m
p

; (2) the effective damping bandwidth, v0; (3) the
relationship between reduction in effective damping and
time delay, �KðT=2þ tdÞ; and (4) the relationship between
reduction in effective mass and time delay, �BðT=2þ tdÞ.

4.1 Spring

The closed-loop impedance of a haptic display rendering a
spring is

ZsðsÞ ¼ ms2 þ bsþKe�jvðT=2þtdÞ

s
: (3)

The Bode and effective impedance plots for this system
are shown in Fig. 3 with varying values for the total time
delay.

For parameter values in which the system is stable [12],
its frequency response has a magnitude close to K=v and a
phase of �90� up to a critical frequency,

v�
s ¼

ffiffiffiffiffi
K

m

r
: (4)

The resonance peak at v�
s and frequency span for which the

phase of the system changes depends on device damping
and the total time delay. For frequencies less than v�

s , the
display has effective stiffness, ES, of K, and effective mass,
EM, of zero. For frequencies larger than v�

s , ES is zero, and

EM tends to the device mass. The desired dynamics of a
spring haptic display is a constant stiffness across all fre-
quencies. Adding delay to the system decreases ED by
KðT=2þ tdÞ for lower frequencies.

4.2 Viscous Damper

The closed-loop impedance of a haptic display rendering a
damper is

ZdðsÞ ¼ ms2 þ ðmv0 þ bÞsþ ðbþBe�jvðT=2þtdÞÞv0

sþ v0
: (5)

System behavior depends on how the cut-off frequency of
the low-pass filter, v0, compares to �v ¼ ðbþBÞ=m, which
represents a pole of the damper display with no low-pass
filter.

The Bode and effective impedance plots of the damper
closed-loop displays are shown in Fig. 4 with varying val-
ues for the low-pass filter cut-off frequency, v0, and total
time delay, ðT=2eþ etdÞ. For varying cut-off frequency,
we consider three conditions: (1) v0 	 �v, (2) v0 
 �v, and
(3) v0 � �v.

For no delay, when the system is stable, the ED is the
sum of the device and virtual damping, ðbþBÞ, for frequen-
cies less than v0, and just the device damping, b, for higher
frequencies.

Adding delay to the system affects its closed-loop imped-
ance in two ways. First, delay reduces EM from the no-delay
value by BðT=2þ tdÞ. This is similar to delay reducing ED in
the spring environment by KðT=2þ tdÞ. Second, delay
reduces ED bandwidth, and introduces oscillations in ED
for frequencies past v0. These oscillations can introduce
nonzero energy generating effective jerk feedback, EJF, at
higher frequencies.

4.3 Spring-Damper

The closed-loop impedance of a haptic display rendering a
spring-damper is

Fig. 2. Effective impedances are defined for both signs of the real and
imaginary components of ZðjvÞ, and its angle ffZðjvÞ. Those defined by
the real component are energy generating or dissipating, and those defined
by the imaginary component neither generate nor dissipate energy.

Fig. 3. Spring VE Bode and effective impedance plots withK ¼ 10 (N/m)
and varying amounts of total delay. The displays have an ES close to K

up to the effective stiffness bandwidth at v�
s ¼

ffiffiffiffiffiffiffiffiffiffiffi
K=m

p
, after which, ES

drops to zero and EM dominates. Delay reduces ED byKðT=2þ tdÞ, but
does not significantly affect ES or EM.
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ZsdðsÞ ¼ ms3 þ ðmv0 þ bÞs2 þ ½bv0 þ ðBv0 þKÞd�sþKv0d

sðsþ v0Þ ;

(6)

where

d ¼ e�jvðT=2þtdÞ: (7)

The Bode and effective impedance plots of the spring-
damper displays are shown in Fig. 5 with varying values
for the low-pass filter cut-off frequency, v0, and total time
delay, ðT=2 þ tdÞ.

Like the pure spring display, the magnitude of the fre-
quency response is close to K=v and the phase is �90� for
frequencies less than v�

s . The resonance peak at v�
s and

frequency span for which the phase of the system changes
from �90� to 90� depends on the effective damping (in con-
trast to the device damping as was the case for the spring
environment) and total time delay. For frequencies less than
v�
s , the display has an ES of K, and an EM of zero. For fre-

quencies larger than v�
s , ES is zero, and EM tends to the

device mass. The ED is the sum of the device and virtual
damping, ðbþBÞ, for frequencies less than v0, and just the
device damping, b, for frequencies larger. These results
establish that the spring-damper display has an ES band-
width given by Equation (4), and an ED bandwidth of the
cut-off frequency v0.

Delay affects the spring-damper displaymuch like it does
for the pure spring and damper environments. Adding delay
reduces ED by KðT=2þ tdÞ for frequencies less than v0 and

Fig. 5. Spring-damper VE Bode and effective impedance plots with K ¼ 50 (N/m), B ¼ 1 (Ns/m), for (a) varying low-pass filter cut-off frequency, and

(b) varying total time delay. The systems have an ES of K up to v�
s ¼

ffiffiffiffiffiffiffiffiffiffiffi
K=m

p
, after which the ES drops to zero and the EM dominates. (a) As v0 is

reduced, so is the frequency span for which the ED is ðbþBÞ. (b) Time delay reduces the ED byKðT=2þ tdÞ at low frequencies, but does not signifi-
cantly affect the ES or EM.

Fig. 4. Damper VE Bode and effective impedance plots with B ¼ 1 (Ns/m) for (a) varying low-pass filter cut-off frequency, and (b) varying total time
delay for v0 � �v ¼ ðbþBÞ=m. (a) The effective damping bandwidth is v0. The colored v0 represents the distinct cut-off frequencies for the three sys-
tems. As v0 is reduced, corresponding to more aggressive filtering, EM and the ED bandwidth are reduced. When v0 < �v ¼ ðbþ BÞ=m, the system
has nonzero ES. (b) Increasing delay reduces the ED bandwidth. EM is reduced by BðT=2þ tdÞ from its no-delay value at low frequencies.
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also introduces oscillations in ED (which can introduce non-
zero EJF at some frequencies), for frequencies past v0.

5 CHARACTERIZING A GENERAL IMPEDANCE

AS A MASS, DAMPER, SPRING

In this section we form a mass, damper, spring model that
characterizes the dynamics of a system by solving a convex
optimization problem, which is formulated by minimizing
an objective function called the “Average Distortion Error:”
a quantitative scalar metric describing the similarity of two
impedances.

5.1 Average Distortion Error

Griffiths et al. defined haptic distortion, the frequency-
dependent difference between actual and desired closed-
loop dynamics, normalized by the desired dynamics [14].
Distortion is an infinite dimensional metric for the accuracy
of a haptic display. Here we define the Average Distortion
Error, which is a scalar quantity describing haptic accuracy:

ADE ¼ 1

ðv2 � v1Þ
Z v2

v1

WðvÞ ZðjvÞ � ZdðjvÞ
ZdðjvÞ

����
����dv; (8)

where W ðvÞ is the weighting function, and the frequencies
v1 and v2, where v2 � v1, define the considered frequen-
cies. The weighting function is included to examine the sen-
sitivity of the optimized parameters with respect to various
weightings. In our analysis, we consider linear and logarith-
mic weighting functions.

5.2 Forming a Mass, Damper, Spring Model of a
General System Impedance

The parameters of a mass, damper, spring model, ZMBKðsÞ,
of system impedance, ZsysðsÞ, are formed by the solution to

min
M̂;B̂;K̂

Z v2

v1

WðvÞ ZMBKðjvÞ � ZsysðjvÞ
ZsysðjvÞ

����
����dv (9)

subject to M̂; B̂; K̂ � 0; (10)

where M̂, B̂, K̂, are the mass, viscous damping, and stiff-
ness of the model, respectively,

ZMBK ¼ M̂ðjvÞ þ B̂þ K̂

ðjvÞ : (11)

The optimization variables M̂; B̂; K̂ are convex (affine) in
the objective function, and the feasible region is a convex
set. Because of this, the global solution to optimization (9)
can be found efficiently [2]. In our analysis, we used CVX, a
package for solving convex programs [13]. The physical
interpretation of optimization (9) is that a mass, damper,
spring model of a system can be formed by choosing the
parameters of the model that minimize ADE over a large
range of frequencies.

5.3 Function of Interaction Frequencies

In this section we show that the accuracy of the mass,
damper, spring model for a general haptic display is a func-
tion on the frequencies of interaction.

5.3.1 Single Interaction Frequency

If a general impedance is excited at a single frequency, the
mass, damper, spring model is exact. On other words, it is
possible to choose mass, damping, and stiffness parameters
such that the input-output properties of any system im-
pedance match the input-output properties of the mass,
damper, spring impedance.

To see this, consider a system impedance, ZsysðsÞ, excited
at frequency v1. The input-output properties of the system
are described by its real and imaginary components

Zsysðjv1Þ ¼ F ðjv1Þ
V ðjv1Þ ¼ xþ jy: (12)

For the mass, damper, spring system, ZMBKðsÞ, to have the
same input-output properties at the same frequency we
require

Zsysðjv1Þ ¼ ZMBKðjv1Þ: (13)

This occurs if

xþ jy ¼ mðjv1Þ þBþ K

ðjv1Þ ; (14)

which implies

x ¼ B; (15)

y ¼ mv1 � K

v1
: (16)

Because Equation (14) has three variables, but only two
equations, there exists a set of mass, damper, spring impe-
dances that have precisely the same input-output properties
as the system.

5.3.2 Many Interaction Frequencies

If an impedance is excited with many interaction frequen-
cies, the mass, damper, spring model will in general not
have the same input-output properties. The difference
between the system and model behavior depends on the fre-
quencies considered.

To see this, we consider the system impedance’s input-
output properties at each frequency of excitation

ZsysðjviÞ ¼ F ðjviÞ
V ðjviÞ ¼ xi þ jyi for i ¼ 1; . . . ; n; (17)

where n represents the number of frequencies. For ZMBKðsÞ
to have the same input-output properties we require

ZsysðjviÞ ¼ ZMBKðjviÞ for i ¼ 1; . . . ; n: (18)

This occurs if

xi þ jyi ¼ mðjviÞ þBþ K

ðjviÞ for i ¼ 1; . . . ; n; (19)

which in general, cannot be satisfied. This means that a
mass, damper, spring model cannot describe every imped-
ance exactly at all frequencies. The disparity between the
system and model is described by the Average Distortion
Error: the larger the ADE, the larger the disparity.
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5.4 Example: Mass, Damper, Spring Models of
Closed-Loop Spring-Damper Rendering

Here we present an example comparing a classic closed-
loop spring-damper haptic rendering including the effects
of the haptic device dynamics, time delay, and low-pass fil-
tering (Equation (6)), to various mass, damper, spring impe-
dances to highlight different system behavior over different
frequency ranges.

Fig. 6 shows the Bode and effective impedance plots of
the closed-loop spring-damper rendering and three differ-
ent mass, damper, spring impedances. For each model, we
calculate the ADE between the model and the closed-loop
virtual spring and damper rendering (Equation (6)), for
four different frequency ranges: low, 0:1� 7, medium,
7� 210, high, 210� 1000, and all, 0:1� 1000 (rad/s). The
particular frequency spans were chosen to highlight differ-
ent true system behavior at different frequencies, i.e., the
frequency spans were chosen relating to the effective stiff-
ness and damping bandwidths of Equation (6).

One model has damping and stiffness, but no mass.
Another model has mass and damping, but no stiffness.
The last model is formed using optimization (9) and has
mass, damping, and stiffness. To test the sensitivity of the
optimal solutions (i.e., the characterized mass, damping
and stiffness), of optimization (9) with respect to the weight-
ing function, we calculated the solutions using two different
weighting functions: linear, W ðvÞ ¼ 1, and logarithmic,
WðvÞ ¼ log ðvÞ. The solutions are shown in Table 1. Our
analysis shows that the solutions are insensitive to the
weighting function, i.e, the optimal characterized mass,
damping, and stiffness are not significantly different.

At low frequencies, the models with damping and stiff-
ness have similar dynamics to the closed-loop spring-
damper rendering, Equation (6), but the dynamics of the
model with no stiffness are vastly different. This is because
the majority of the force of the system impedance comes
from the stiffness component.

At high frequencies, the models with damping and mass
have similar dynamics to the closed-loop spring-damper
rendering, Equation (6), but the dynamics of the model with
no mass are different. Here, the majority of the force of
comes from the mass.

For the medium frequencies, near the effective stiffness
bandwidth of the display, Equation (4), the model fit using
optimization (9) with mass, damping, and stiffness, has a
significantly smaller ADE than the other models. At these
frequencies, the system impedance requires mass, damp-
ing, and stiffness components to adequately describe the
dynamics.

6 EXPERIMENTAL VALIDATION

In this section we present the experimental rendered,
characterized, and perceived dynamics. First, we show
the closed-loop rendered impedances, or experimental
transfer function estimates, of the spring-damper virtual
environment haptic displays to compare experimental
data to the theoretical predictions in Section 4. Then, we
analyze how time delay and low-pass filtering affect the
characterized and perceived stiffness and damping of a
closed-loop haptic display using time-based system
identifications. The experimental characterizations are
compared to theoretical predictions formed using the
optimization procedure described by optimization prob-
lem (9) in Section 5. Finally, we experimentally determine
the perceived stiffness and damping by performing a
human user study.

Experiments were conducted on a single joint (the first
revolute joint) of a Phantom Premium 1.5. The other degrees
of freedom were mechanically constrained by a custom-
made fixture.

Fig. 6. Bode and effective impedance plots of the closed-loop spring-
damper impedance (Equation (6)), various mass, damper, spring model
impedances, and the corresponding average distortion errors over differ-
ent frequency ranges. The optimal model formed using optimization
(9) has the lowest ADE over the entire frequency range.

TABLE 1
Optimal M̂; B̂; and K̂ for Weighting Functions

WðvÞ M̂ B̂ K̂

(g) (Ns/m) (N/m)

linear 249 2.79 1,053
logarithmic 249 2.85 1,058
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6.1 Rendered Dynamics Experiments

To verify the theoretical predictions, we experimentally
determined the frequency response of the closed-loop
spring-damper haptic display with and without time delay.
The parameters of the haptic display were K ¼ 50 (N/m),
B ¼ 1 (Ns/m), and v0 ¼ 125 (rad/s). The external delay was
implemented in software in multiples of the sample time.
For each experiment, an exogenous white noise input force
excited the system for two minutes at a sample rate of 1 kHz.
Raw impedances were computed by the ratio of the discrete
Fourier transform of the system’s force and position [21].
The raw impedances were smoothed in the complex domain
using a Hamming window with a length of 200 points. The
experimental effective impedanceswere formed by the equa-
tions presented in Section 3. The theoretical results for com-
parison use the device parameters found in Section 6.2.

Fig. 7 displays the experimental Bode and effective
impedance plots of the spring-damper display with and
without added external delay. For no added external delay,

Fig. 7a, the experimental results are similar to theoretical
predictions: ES is 50 (N/m) for frequencies up to v�

s ¼ 23
(rad/s), after which it drops to zero. ED is close to the pre-
dicted value of ðbþBÞ for low frequencies, and drops near
v0 ¼ 125 (rad/s). EM is zero up to v�

s , and tends to the device
mass as frequency increases. The experimental data for the
spring-damper display with added external delay, Fig. 7b,
can be compared to Fig. 5b, which displays the correspond-
ing theoretical results. As predicted by theory, larger delay
in the control loop corresponds to a larger magnitude reso-
nance peak at v�

s in the Bode plot. Time delay reduces the ED
by approximately KðT=2þ tdÞ from its no-delay value, but
does not significantly affect the ES or EM. It was difficult to
produce experimental data that were not corrupted by noise
for very low and very high frequencies. Because of this, we
were unable to observe experimental data at the frequencies
where effective damping scillations were predicted to occur.

6.2 Characterized Dynamics: System Identification
of Open and Closed-Loop Haptic Display
Properties

A time-based system identification procedure was used to
determine the open-loop properties of the PhantomPremium
1.5, and the closed-loop properties of the haptic display with
various amounts of time delay and low-pass filtering.

Ideally, at every instant in time the system should satisfy

fðtÞ ¼ m̂€xðtÞ þ b̂ _xðtÞ þ k̂xðtÞ; (20)

where fðtÞ is the external force, €xðtÞ, _xðtÞ, and xðtÞ are the
acceleration, velocity, and position of the device, respec-

tively, and m̂, b̂, and k̂ represent the mass, damping, and
stiffness of the system, respectively. For a particular experi-
ment, the system was excited with an exogenous chirp force
using the motor of the Premium 1.5 from 0.1 to 25 Hz, and
its position was measured. Velocity and acceleration signals
were generated by numerical differentiation and smoothed
with non-causal low-pass filters with no phase lag. Parame-

ters m̂, b̂, and k̂ were computed from the experimental data
via optimization,

m̂; b̂; k̂ ¼ argmin
X

ðfi � m̂€xi � b̂ _xi � k̂xiÞ2; (21)

where fi, €xi, _xi, xi represent the signal values at a specific
instants. The pseudo-inverse was used to solve optimization
(21) [29].

The Phantom Premium 1.5 open-loop parameters aver-
aged over five experiments were: m̂ ¼ 94; sm̂ ¼ 4 (g),

b̂ ¼ 0:10; sb̂ ¼ 0:02 (Ns/m), and k̂ < 1; sk̂ ¼ 1 (N/m), where

s represents the standard deviation of an estimate. These
values are similar to those reported in [3] and [8].

Fig. 8 displays the experimental and theoretical closed-
loop haptic display stiffness and damping characterizations.
The time-based system identification experimental data are
similar to the theoretical characterizations performed using
optimization (9).

6.3 Perceived Dynamics: Human User Experiments

A user study based on the psychophysics method of adjust-
ments was conducted to investigate the effect of time delay
and low-pass filtering on perceived stiffness and damping.

Fig. 7. Experimental Bode and effective impedance plots for the closed-
loop spring-damper display with (a) no external time delay, and (b) exter-
nal time delay. (a) The experimental data are similar to theoretical pre-
dictions. (b) As predicted from theory (see Fig. 5b), delay reduces ED by
KðT=2þ tdÞ from its no-delay value, but does not affect ES or EM.

COLONNESE ET AL.: RENDERED AND CHARACTERIZED CLOSED-LOOP ACCURACY OF IMPEDANCE-TYPE HAPTIC DISPLAYS 441

Authorized licensed use limited to: Facebook Inc.. Downloaded on November 14,2020 at 18:41:59 UTC from IEEE Xplore.  Restrictions apply. 



6.3.1 Participants

A total of 16 participants (eight males and eight females)
between the ages of 19 and 50 (with a mean age of 25) partic-
ipated in the experiment. Fifteen are right handed. The
experiment protocol was approved by the Stanford Institu-
tional Review Board.

6.3.2 Task

The experiments investigated the effect of delay and low-pass
filtering on the user’s perception of stiffness and damping
using the method of adjustments [11]. Three different cases
were presented to the users: (1) effect of time delay on per-
ceived stiffness, (2) effect of time delay on perceived damp-
ing, and (3) effect of low-pass filter cut-off frequency on
perceived damping. The independent parameters were time
delay and low-pass filter cut-off frequency, and the depen-
dent parameters were the perceived stiffness and damping.

In the tasks, users manipulated the stiffness or damping
of a “tunable” virtual environment (with no added time
delay, and a very high low-pass filter cut-off frequency),
until they were satisfied by the equality of the tunable
virtual environment to another virtual environment, poten-
tially with non-zero time delay, or a much lower low-pass
filter cut-off frequency. The experiments were designed to
test the actual mechanical properties as closely as possible:
we provided no visual avatar of the device position, and
did not enforce a particular probing strategy.

The experiments to test the effect of time delay on per-
ceived stiffness used time delays of 0, 3, 6, 9, 12, and 15 ms.
The base case had a stiffness of 75 N/m, a damping of
2 Ns/m, a cut-off frequency of 150 Hz, and no delay. The
tunable case began at 5 or 150 N/m, and could be adjusted
in increments of 5 N/m. The Weber fraction for stiffness is
0.039 [15].

The experiments to test the effect of time delay on per-
ceived damping used time delays of 0, 7, 14, 21, 28, and
35 ms. The effect of low-pass filter cut-off frequency on per-
ceived damping experiments tested cut-off frequencies of
0.1, 1, 5, 10, 50, and 150 Hz. The base case for both experi-
ments on perceived damping had a stiffness of 25 N/m, a
damping of 1.5 Ns/m, a cut-off frequency of 150 Hz, and no
delay. The tunable case began at 0 or 3 Ns/m, and could be
adjusted in increments of 0.25 Ns/m. The Weber fraction
for damping is 0.147 [25].

The tested time delays and low-pass filter cut-off fre-
quencies were chosen to be representative of typical cur-
rent-day haptic displays [8], [14]. Different sets of time
delay values were chosen for the stiffness and damping
experiments to span the largest range such that the haptic
displays were uncoupled stable [12]. This was done for
practical reasons, because the characterized experiments
(Section 6.2), were done with the same set of parameters,
and were performed with no human.

For a particular time delay or cut-off frequency, the tun-
able case started at the low extreme for one trial, and the
high extreme for the other. In each set of experiments, the
order of the tested time delays or cut-off frequencies was
randomized.

6.3.3 Procedure

The experiments were conducted on a single degree of free-
dom (dof) of the Phantom Premium 1.5 haptic device. Users
were instructed to use their dominant hand to grasp the
Phantom arm for all experiments, and were given five
minutes before the experiments to explore a sample virtual
environment and learn the format of the trials. Each user
performed two trials for each tested time delay or cut-off

Fig. 8. Theoretical characterizations Section (5.2), experimental sys-
tem identification characterizations Section (6.2), and experimental
human user perceived dynamics Section (6.3), for: (a) effect of
delay on stiffness, (b) effect of delay on damping, and (c) effect of
low-pass filter cut-off frequency on damping. The experimental sys-
tem identification and human user data are similar to theoretical
characterizations. Time delay has no significant effect on stiffness,
but reduces damping by the product of virtual stiffness and total
time delay. The low-pass filter cut-off frequency affects damping
strongly: for low cut-off frequencies, the damping is approximately
the natural damping of the haptic display, for high cut-off frequen-
cies, the damping is approximately the sum of the natural and
virtual damping.
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frequency, for three experiment cases, for a total of
2 6 3 ¼ 36 trials. The users had a mandatory two minute
break in between each of the experiments, and the mean
time for all experiments was 30 minutes.

6.3.4 Results

The results are shown in Fig. 8, and the statistics for the
perceived dynamics are shown in Table 2. The experi-
mental data show the averages over all participants, and
the standard deviations. The human user experiment
data are similar to the time-based system identification
experiment data, as well as the theoretical characteriza-
tion predictions. Time delay had no significant effect on
perceived stiffness (p ¼ 0:45), but reduced perceived
damping by approximately the product of virtual stiff-
ness and total time delay (p < 0:001). The lower the
value of the low-pass filter cut-off frequency, correspond-
ing to more aggressive filtering, the lower the perceived
damping (p < 0:001).

7 DISCUSSION

Our results demonstrate a fundamental relationship
between the system parameters given by Equation (4) and
the frequency span over which the spring and spring-
damper displays render an effective stiffness. This relation-
ship informs the design of spring-type displays intending to
render a stiffness. Specifically, for high effective stiffness
bandwidth, large virtual spring constants and low device
mass are desired. Large spring constants are usually
desired, but are constrained by the stability of the display
[12]. The mass of most haptic devices is as small as practical
to reduce open-loop inertia. Although these design objec-
tives match conventional design, most spring-type haptic
displays (with mass greater than 100 g, and maximum vir-
tual stiffness less than 400 N/m) are necessarily low band-
width (less than 10 Hz).

Unlike the effective stiffness bandwidth, the bandwidth
of effective damping feedback in haptic displays is limited
by the cut-off frequency of the low-pass filter. For many
haptic displays, virtual damping is introduced to stabilize
the system. If the virtual damping is too large, the damper
feedback can introduce perceptible noise. Therefore, design
becomes a three-way trade-off between stability, noise rejec-
tion, and accuracy.

Adding delay to spring and spring-damper displays
reduces effective damping by KðT=2þ tdÞ. Similarly, add-
ing delay reduces effective mass for damper displays by
BðT=2þ tdÞ. This result demonstrates that intentionally
adding delay could offset device damping or mass, how-
ever, adding delay can introduce non-passive effective jerk
feedback that feels unnatural, and also has the potential to
drive the system unstable.

Colgate and Shenkel established that a haptic display is
guaranteed stable when coupled to passive, but other arbi-
trary, human impedance if, and only if, it is passive [6]. A
haptic display is passive if its closed-loop transfer function
is positive real [14], which implies that the Bode plot of the
system impedance has phase inbetween �90� and 90� at all
frequencies, or equivalently, the effective damping is posi-
tive at all frequencies. For frequencies where the haptic dis-
play has non-positive effective damping, the haptic display
is capable of producing energy.

The theoretical and experimental analyses show that
time delay strongly affects rendered and characterized
damping, but does not have a significant affect on effective
or characterized stiffness. In other words, the actual stiffness
of the haptic display does not significantly change with
time delay. For the human user studies, we observed that
the effect of time delay on perceived damping and stiffness
was well predicted by the characterized results: time delay
affects perceived damping, but not perceived stiffness. This
result can be contrasted with the perceived stiffness results
of Ishihara and Negishi, Knorlein et al., and Luca et al. [17],

TABLE 2
Statistics for Perceived Dynamics Experimental Data

Stiffness is in units of N/m, damping in Ns/m, time delay in s, and frequency in Hz. The brackets represent the 95 percent confidence interval for the for the
regression parameters.
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[18], [22], that reported that perceived stiffness decreased
with time delay, and the results of Pressman et al. [27],
that reported that perceived stiffness increased with time
delay. The discrepancy between experiments can be
explained by human perception of stiffness depending on
more factors than the actual mechanical properties of the
display, such as semantic ambiguity, visual information
[9], and the nature of the interaction [26], [28]. Under-
standing the relationship between the infinite dim-
ensional rendered dynamics and the human perceived
dynamics is central to designing accurate haptic displays.
By establishing how the rendered mechanical properties
of the display change with time delay, it is possible to iso-
late and study the effect of other factors which influence
human perception, and is an area for future work.

Many models could be used to describe a haptic display
rendering a virtual environment; our choice of the model
shown in Fig. 1 was driven by relevance as a practical
design tool, tractability for finding solutions using conven-
tional linear control theory, and our ideas about the most
significant factors in system accuracy. In future work, we
may examine additional system properties, such as model-
ing actuator dynamics and backlash.

8 CONCLUSION

Our results presented how closed-loop rendered impedances
are affected by key parameters for haptic displays with
spring, damper, and spring-damper virtual environments.
We established that spring and spring-damper haptic dis-
plays render the desired effective stiffness only up to the fre-
quency defined by Equation (4). Damper and spring-damper
haptic displays render the desired effective damping up to
the cut-off frequency of the low-pass filter. We showed that a
system impedance can be characterized by a mass, damper,
spring impedance optimally by the solution to a convex opti-
mization problem. The fidelity of the model is provided by
theAverageDistortion Error.Wepresented an analysis show-
ing that time delay has no significant effect on rendered and
characterized stiffness, and reduces rendered and character-
ized damping by the product of virtual stiffness and total
time delay. Reducing the low-pass filter cut-off frequency
reduces the rendered damping bandwidth, and the character-
ized damping. The rendered and theoretical dynamics analy-
ses were validated with experimental data gathered with a
Phantom Premium 1.5. The perceived dynamics were investi-
gated using human user experiments. Similar to the rendered
and characterized dynamics, we observed no significant
effect of time delay on perceived stiffness, and increasing

time delay resulted in reduced perceived damping. Lower fil-
ter cut-off frequencies resulted in lower perceived damping.
The contribution of this work facilitates the design of haptic
displays by providing a theoretical framework for how sys-
temparameters affect closed-loop impedance.

APPENDIX

COMPARISON OF CONTINUOUS AND HYBRID MODEL

We performed our analysis using an entirely continuous
model of the haptic display. However, in reality, the control
of a physical haptic device is performed through a computer
containing A/D (analog to digital) and D/A (digital to ana-
log) components. In this section, we compare the closed-
loop impedances of an entirely continuous model and
hybrid (meaning containing both continuous-time and dis-
crete-time elements) model.

A block diagram of the hybrid system model is shown in
Fig. 9. The hybrid model differs from the entirely continu-
ous system model shown in Fig. 1b by modeling the sam-
pling and zero-order order explicitly, and by considering a
discrete-time haptic control law and time delay instead of
their continuous counterparts. We consider a virtual spring
and damper virtual environment. To obtain an estimate of
the velocity of the device, the sampled position measure-
ments go through a discrete back differencing operator,

DðzÞ ¼ ðz� 1Þ
Tz

; (22)

and then a first-order discrete low-pass filter,

HðzÞ ¼ ð1� e�v0T Þz
z� e�v0T

; (23)

where v0 (rad/s) represents the cut-off frequency of the
low-pass filter. The continuous delay element is replaced by
a discrete one,

e�tds ! 1

zk
; (24)

where k is a nonnegative integer.

Fig. 9. Block diagram for a haptic display modeling sampling, a discrete-
time control law, and the zero-order hold.

Fig. 10. Closed-loop impedances of the entirely continuous and hybrid
system models. The impedances are similar for frequencies below the
Nyquist frequency, vN ¼ p=T .
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We analyze the closed-loop impedance of the hybrid sys-
tem by finding an entirely discrete model with the same
input-output properties of the hybrid system. The entirely
discrete system is formed by converting the zero-order
hold, haptic device, and sample elements to their zero-order
hold equivalent [10],

The closed-loop impedances of the entirely continuous
model and hybrid system model are compared in Fig. 10.
For frequencies below the Nyquist frequency (vN ¼ p

T rad/
s), the impedances of the two systems are very similar, but
for frequencies past the Nyquist frequency, the impedances
deviate substantially. Most haptic systems feature fast sam-
pling ðT < 0:001 s), so the results of the analysis using the
entirely continuous model apply straightforwardly to a
hybrid system model.
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